In this paper we consider the Gauss Legendre quadrature method for numerical integration over the standard tetrahedron: {(x, y, z) | 0 ≤ x, y, z ≤ 1, x + y + z ≤ 1} in the Cartesian three-dimensional (x, y, z) space. The mathematical transformation from the (x, y, z) space to (ξ, η, ζ) space is described to map the standard tetrahedron in (x, y, z) space to a standard 2-cube: {(ξ, η, ζ) | −1 ≤ ξ, η, ζ ≤ 1} in the (ξ, η, ζ) space. This overcomes the difficulties associated with the derivation of new weight co-efficients and sampling points. The effectiveness of the formulae is demonstrated by applying them to the integration of three nonpolynomial and three polynomial functions.
INTRODUCTION
The integration theory is extended from real line to the plane and three-dimensional space by the introduction of multiple integrals. Integration is of fundamental importance in both pure and applied mathematics as well as in several areas of science and engineering. Most such integrals cannot be evaluated explicitly or analytically and, with many others, it is often faster to integrate them numerically rather than evaluate them exactly using the complicated antiderivatives of the integrands. However, it is not practical to obtain specific integration formulae for all regions of interest. Hence it is desirable to obtain integration formulae over two-simplex, the unit right angled triangle and the three-simplex, the unit orthogonal tetrahedron that may be used in principle to approximate the plane or three-dimensional region of any physical space.
In recent years, we have been witnessing finite element method (FEM) gaining importance due to the most obvious reason that it can provide solutions to many complicated problems that would be intractable by other numerical techniques [1, 2] . In FEM it may be possible to perform some of the integrations analytically, particularly if constant or linear elements are used to discretize the surface or boundary curve of the given region. However, with higher order elements or for more complex distorted elements the integrals become too complicated for analytical integrations and the numerical integration is essential, among various integration schemes. Gauss Legendre quadrature, which can evaluate exactly the (2n−1)th order polynomial with n Gaussian points, is most commonly used in view of the accuracy and efficiency of calculations [3] . The triangular and tetrahedral elements are very widely used in finite element analysis. The versatiality of these elements can be further enhanced by improved numerical integration schemes. Mathematically the problem can be defined as the evaluation of the following integrals:
where L 1 , L 2 , L 3 are the well known area co-ordinates and
are the well known volume co-ordinates. The basic problem of integrating an arbitrary function of two variables over the surface of the triangle was first given by Hammer, Marlowe and Stroud [4] , and Hammer and Stroud 179 [5, 6] . Cowper [7] provided a table of Gaussian quadrature formulae with symmetrically placed integration points. Lyness and Jespersen [8] made an elaborate study of symmetric quadrature rules by formulating the problem in polar co-ordinates. Lannoy [9] discussed the symmetric four-point integration formula, which is presented in [7] . Laurie [10] derived a seven-point integration rule and discussed the numerical error in integrating some functions. Laursen and Gellert [11] gave a table of symmetric integration formulae up to a precision of degree ten. Lether and Hillion [12, 13] derived the formulae for triangles as product of one-dimensional Gauss Legendre and Gauss Jacobi quadrature rules. The precision of these formulae is up to degree seven. This is because the zeros and weight co-efficients of Gauss Jacobi orthogonal polynomials with weight functions x, x 2 , x 3 were available for polynomials of degree up to six only. Even today the zeros and weights for integral 1 0 x r f (x) dx, r = 1, 2, 3, . . . . . . are not available beyond a formula of ordereight as documented in Abramowicz and Stegun [14] . Reddy [15] and Reddy and Shippy [16] derived three-point, four-point, six-point, seven-point of precision 3, 4, 6 and 7 respectively, which gave improved accuracy. Since the precision of all the formulae derived by the authors [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] is limited to a precision of degree ten and it is not likely that the techniques can be extended much further to give a greater accuracy, which may be demanded in future, Lague and Baldur [17] proposed product formulae based only on the roots and weight co-efficients of Gauss Legendre quadrature rules. By the proposed method, this restriction is removed and one can now obtain numerical integration of very high degree of precision as the derivations now rely on standard Gauss Legendre quadarature rules [17] . However, Lague and Baldur [17] have not worked out explicit weight co-efficients and sampling points for application to integrals over a triangular surface [17] . Rathod et al. provided this information in a systematic manner in their recent works [18] [19] [20] . For tetrahedral regions, four volume co- 4 are involved and we have to compute numerically the integral III stated in Eq. (2). Numerical integration formulae of III with a degree of precision d = 1, 2, 3 are listed in Zienkiewicz [1] and these are based on reference [4] . Numerical integration formulae of precision higher than cubic are not available in the current literature and hence we propose here the derivation of higher order formulae for tetrahedral regions.
FORMULATION OF INTEGRALS OVER A TETRAHEDRON
The finite element method for three-dimensional problems with tetrahedron element requires the numerical integration of shape functions and their derivatives on a tetrahedron. Since an affine transformation makes it possible to transform any tetrahedron into the three-dimensional tetrahedron T with coordinates (0, 0, 0), (1, 0, 0), (0, 1, 0) and (0, 0, 1) in Cartesian three-dimensional space, say (x, y, z), we thus have to consider numerical integration on T. The numerical integration of an arbitrary function f over the tetrahedron T is given by
It is now required to find the value of the integral by a quadrature formula:
where c m are the weights associated with the sampling points (x m , y m , z m ) and N is the number of pivotal points related to the required precision. The integral I of Eq. (3) can be transformed into an integral over the cube:
Then the determinant of the Jacobian and the differential area are:
Then on using Eqs. (5) and (6) 
The integral I of Eq. (7) can be further transformed into an integral over the standard 2-cube:
Then clearly the determinant of the Jacobian and the differential area are:
Now on using Eqs. (8) and (9) in Eq. (7), we have
Equation (10) represents an integral over the standard 2-cube:
Efficient quadrature co-efficients are readily available in the literature so that any desired accuracy can be readily obtained [14] . From Eqs. (4) and (10), we find that
where, it is obvious that
k ,
in which ξ
k are the sampling points and W (
From Eq. (13), we further infer that appropriate Gauss Legendre quadrature rules have to be applied in variates α, β and γ to obtain the desired accuracy.
Product Formulae with Odd Degree of Precision
Let us now first assume that the degree of precision d = p + q + r = 2n − 1, n = 1, 2, 3. . . . . . . . . . ; then we find from Eq.(13) that I will take values from 0 to 2n + 1 and m will take values from 0 to 2n and p take values from 0 to 2n − 1. This suggests that we have to choose (n + 1)(n + 1)(n)th order Gauss Legendre quadrature in α, β and γ directions, respectively. This is demonstrated for the monomial X 2 Y over the arbitrary linear tetrahedron in XY Z-space. It is seen that in this case 3 × 3 × 2th order Guass Legendre quadrature rule is adequate to integrate the monomial X 2 Y .
Product Formulae with Even Degree of Precision
Let us now first assume that the degree of precision d = p + q + r = 2n − 2, n = 1, 2, 3. . . . . . . . . . ; then we find from Eq. (13) that I will take values from 0 to 2n and m will take values from 0 to 2n − 1 and p take values from 0 to 2n − 2. This suggests that we have to choose Gauss Legendre quadrature of order (n + 1)(n)(n) in variates α, β and γ , respectively. This is demonstrated for the monomials X over the arbitrary linear tetrahedron in XYZ-space and it is seen that 3 × 3 × 3th, 4 × 4 × 4th and 6×6× 6th order Gauss Legendre quadrature rules are highly suitable. We note from the above discussion on the product formulae for odd and even degree that we require (n + 1)(n + 1)(n)th order or (n + 1)(n)(n)th order Gauss Legendre quadrature rules. But in either case one can always obtain the desired accuracy by using (n + 1)(n + 1)(n + 1)th order rule. We hope that this serves the general purpose. We have appended a sample of the derived formulae in Appendix A (2 ×
SOME NUMERICAL RESULTS
We consider some typical integrals with known exact values: Example 2: We now consider the following multiple integrals of the type considered in Rathod and Govinda Rao [19] . where v is the tetrahedron in (X, Y, Z ) space with vertices spanning the points (5, 5, 0), (10, 10, 0), (8, 7, 8) , (10, 5, 0) .
On using the following transformations
we obtain,
We have evaluated the above integral for α = 2,
That is
[20]
Again from Rathod and Govinda Rao [19, 20] , we know that I 4 = 47165/3, other integrals were computed in a similar way. We tabulate the computed values of I 1 , I 2 and I 3 of example 1 and I 4 , I 5 and I 6 of example 2 in Tables 1 and 2 , respectively.
CONCLUSIONS
In this paper, we have derived numerical integration rules of order N = α × β × γ based on classical Gauss Legendre quadrature. We have shown how these formulae can be applied to the arbitrary tetrahedral regions, since an affine transformation makes it possible to transform an arbitrary linear tetrahedron in 3-space (X , Y , Z ) into an orthogonal tetrahedron T : {(x, y, z) | 0 ≤ x, y, z ≤ 1, x + y + z ≤ 1} in the 3-space (x, y, z). The derivation of the proposed formulae over the orthogonal tetrahedron T is made possible by transforming the tetrahedral region T into a standard 2-cube: {(ξ, η, ζ ) | −1 ≤ ξ, η, ζ ≤ 1} over the 2-cube, the Gauss Legendre quadrature rules of all orders is applicable. It may be noted that a lot of mathematical effort is needed to derive numerical integration rules over the tetrahedral region T and the integration formulae available at this moment in the literature are confined to a precision of cubic order. By the proposed method this restriction is removed and one can now obtain numerical integration rules of very high degree of precision as the derivations proposed here rely on the standard Gauss Legendre quadrature rules. We have also suggested that when the sum of indices p + q + r in the monomial x p y q z r is odd, say equal to 2n − 1, then the lowest order rule to be chosen is (n + 1)(n + 1)(n) and if p + q + r is even, say equal to 2n − 2 then the lowest order rule is (n + 1)(n)(n). The effectiveness of the derived formulae is further demonstrated by applying them to three nonpolynomial and three polynomial functions over the tetrahedral region in 3-space.
